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Abstract
Solomon’s descent algebra is generated by sums of descent classes corresponding to certain hook
shapes. This particularly implies that the ring of class functions of any finite symmetric group Sn
is generated by the irreducible characters corresponding to certain hook partitions of n. As another
consequence, a second generating set of Solomon’s descent algebra (and of the ring of class functions
of Sn) is obtained related to the major index of permutations.
 2003 Elsevier Science (USA). All rights reserved.
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Let n be a positive integer. For any permutation π in the symmetric group Sn, we denote
by
D(π) := {i ∣∣ 1 i  n− 1, iπ > (i + 1)π}
the descent set of π . In a remarkable paper of 1976, Solomon discovered (in the wider
context of finite Coxeter groups) that the linear span Dn of the elements
∆D :=
∑
D(π)=D
π, D ⊆ {1, . . . , n− 1},
is a subalgebra of the group ring KSn [12]. For the last fifteen years, this algebra has
been subject to rapidly increasing interest (see, e.g., [1,3,5,7–11]). We will show here the
following result, which seems to have escaped observation.
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∆{1,...,k}, (n− 1)/2 k  n− 1.
Any subset D = {d1, . . . , dl} of {1, . . . , n−1} (d1 < · · ·< dl) corresponds to a rim hook
· · ·
· · ·
· · ·
· · ·
with di − di−1 boxes in the ith row, for all 1  i  l + 1, where d0 := 0 and dl+1 := n.
For any π ∈ Sn, the values 1π, 2π, . . . , nπ may be filled into this rim hook, row-wise from
top to bottom. We then have D(π) = D if and only if the filling corresponding to π is
increasing in rows and decreasing in columns. Particularly, the rim hook corresponding to
D = {1, . . . , k} is of hook shape
...
· · ·
with n − k boxes in the bottom row. In this vein, the theorem says that Dn is generated
by the sums of descent classes in Sn corresponding to hook shapes with at most (n+ 1)/2
boxes in the bottom row, for all n.
In [12], Solomon also introduced an epimorphism c of algebras from Dn onto the ring
ClK(Sn) of class functions of Sn. For all 0  k  n− 1, the image of ∆{1,...,k} under c is
the irreducible Sn-character χ(n−k).1
k
corresponding to the hook partition (n− k).1k of n.
Hence, applying c, the theorem reads as follows.
Corollary 1. The ring ClK(Sn) of class functions of Sn is generated by the irreducible
Sn-characters χp corresponding to the hook partitions p = (n − k).1k of n such that
k  (n− 1)/2.
This latter result was conjectured by A. Dress and proved (but never published) by
A. Jöllenbeck (personal communication). The proof of the theorem (Section 2) makes
extensive use of the bialgebra structure on the direct sum
D :=
⊕
Dnn0
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(Section 1). More precisely, the theorem may be viewed as an application of a noncom-
mutative reciprocity law obtained in [8] that connects the two products and the coproduct
on D (Lemma 1).
As a consequence of our main result, a second generating set of Dn (and of ClK(Sn))
related to the major index of permutations is obtained in Section 3.
1. The bialgebra structure onD
Let N (N0, respectively) be the set of all positive (nonnegative, respectively) integers
and put
n := {k ∈N | k  n} and n 0 := {k ∈N0 | k  n}
for all integers n. A second basis of Dn is constituted by the elements
ΞD :=
∑
E⊆D
∆E, D ⊆ n− 1 .
By inclusion/exclusion, we have
∆D =
∑
E⊆D
(−1)|D|−|E|ΞE, for all D ⊆ n− 1 . (1)
For our purposes, it is more convenient to use compositions of n instead of subsets of
n− 1 as indices: LetN∗0 be a free monoid over the alphabetN0 and denote by N∗ the (free)
submonoid of N∗0 generated by N. We write q.r for the concatenation product of q, r ∈N∗0
in order to avoid confusion with the ordinary product in N0, and denote the empty word in
N∗0 by ∅. For any x = x1. · · · .xl ∈N∗0, let l(x) := l be the length and sumx := x1 +· · ·+xl
be the sum of x . If n ∈N and q ∈N∗ are such that sumq = n, we say that q is a composition
of n (q |= n). Then the mapping
q →D(q) := {q1, q1 + q2, . . . , q1 + · · · + qk−1}
is a bijection from the set of all compositions of n onto the power set of n− 1 , and we put
∆q :=∆D(q) and Ξq :=ΞD(q)
for all q |= n. By orthogonal extension, that is, by putting
αβ := 0 (2)
for all α ∈ Dn, β ∈ Dk whenever n = k, we obtain the inner product on the direct sum
D =⊕n0Dn. A second, outer or convolution product  on D may be defined by
Ξr  Ξq :=Ξr.q, for all q, r ∈N∗.
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functions. The algebra (D, ) is a polynomial ring in the set Ξn = ∆n = idn , n ∈ N,
of noncommuting variables with unit element Ξ∅ = ∅, the unique element of S0. Both
products on D canonically give rise to a (component-wise) product on D ⊗D. We obtain
a bialgebra structure on (D, ) based on the coproduct ↓ defined by
∆n↓ :=
n∑
k=0
∆k ⊗∆n−k, or ∆1n↓ :=
n∑
k=0
∆1
k ⊗∆1n−k (3)
for all n ∈N, where Ξ0 := ∅ ([10], see also [8, 3.8]). Our main tool will be the following
connection between the inner and the convolution product on D.
Lemma 1 [8, 5.2]. For all α,β, γ ∈D, we have
(α  β)γ = ((α⊗ β)(γ↓))↑,
where ↑ :D⊗D→D is the linearization (ϕ ⊗ψ)↑ := ϕ  ψ of the product  on D.
2. Proof of the theorem
Let n ∈ N0 and denote by Hn the subalgebra of Dn generated by the elements
∆1
k.(n−k) = ∆{1,...,k}, (n − 1)/2  k  n − 1. In order to prove that Hn = Dn, we will
show that the direct sum H :=⊕n0Hn is closed under taking convolution products
with ∆k = Ξk from the left, for all k ∈ N0 (Lemma 2). This particularly implies that
Ξq =Ξq1  · · ·  Ξql ∈H for all q = q1. · · · .ql ∈N∗, and hence that indeedH=D.
For all n ∈N, we observe that
∆1
n =  n :=
(
1 2 . . . n
n n− 1 . . . 1
)
is the order reversing involution in Sn. This implies that
∆1
n
∆1
k.(n−k) =  n∆1k.(n−k) =∆1n−k−1.(k+1), (4)
and hence that ∆1k.(n−k) ∈Hn, for all k ∈ n− 1 0. For convenience, we put ∆1k :=∆k := 0
for all k < 0 and ∆0 := ∅ ∈ S0. Now define Ank := ∆1
k
 ∆n−k for all integers k, then
An0 =∆n = idn , Ann =∆1
n =  n, and Ank = 0 whenever k < 0 or k > n. Furthermore,
An =∆1k.(n−k) +∆1k−1.(n−k+1) (5)k
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the elements Ank, k ∈ n 0, by (4). Hence, defining Anx := Anx1Anx2 · · ·Anxl for all x =
x1.x2. · · · .xl ∈N∗0, we have
Hn =
〈{
Anx
∣∣ x ∈N∗0}〉K.
For the coproducts of the elements Ank , we obtain
Ank↓ =
k∑
i=0
n−k∑
j=0
(
∆1
i ⊗∆1k−i )  (∆j ⊗∆n−k−j )=
k∑
i=0
n−k∑
j=0
A
i+j
i ⊗An−i−jk−i , (6)
by (3). Finally, for all k ∈ n− 1 0, we observe that
∆1
n
Ank =Ann−k, (7)
by (4) and (5).
Lemma 2. For all k ∈N0 and α ∈H, we have ∆1k  α, ∆k  α ∈H.
Proof. Our claim is immediate for k = 0, as, by the very definition, ∆∅ = ∆0 = ∅ ∈ S0.
Let k > 0, and assume thatH is closed under taking convolution products with ∆1i and ∆i
from the left, for all i < k. Then, for any α ∈H such that ∆1k  α ∈H, we obtain from (1)
that
∆k  α = (−1)k−1
(
∆1
k −
∑
q|=k
q =k
(−1)k−l(q)Ξq
)
 α ∈H, (8)
as, for all q = q1. · · · .ql |= k, q = k, we haveΞq α =∆q1  · · ·∆ql α and q1, . . . , ql < k.
Hence, for fixed n ∈N0, it suffices to prove that ∆1k  Anx ∈H for all x ∈N∗0. This will be
done by induction on m := l(x)+ sumx .
If m = 0, then x = ∅ and hence Anx = idn = ∆n is the empty product in KSn. This
implies ∆1k  Anx =An+kk ∈H. Let m> 0 and assume that
∆1
k
 Any ∈H (9)
for all y ∈N∗0 such that l(y)+ sumy <m. Then we have l := l(x) > 0. Let x = x1. · · · .xl ,
and put x˜ := x1. · · · .xl−1. Now, putting together all pieces, we obtain
(
∆1
k
 Anx˜
)
An+kxl =
((
∆1
k ⊗Anx˜
)(
An+kxl ↓
))↑ (by Lemma 1)
=
xl∑ n+k−xl∑ (
∆1
k
A
i+j
i
)

(
Anx˜A
n+k−i−j
xl−i
) (by (6))
i=0 j=0
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k∑
i=0
(
∆1
k
Aki
)

(
Anx˜A
n
xl−i
) (by (2))
= ∆1k  Anx +
k∑
i=1
∆1
k−i
 ∆i  Anx˜.(xl−i) (by (7)).
As l(x˜) + sum x˜ < m, we have ∆1k  An
x˜
∈ H. Hence the term (∆1k  An
x˜
)An+kxl on the
left-hand side of the equation is an element of H. Furthermore, for any i ∈ k − 1 , we
have ∆i  An
x˜.(xl−i) ∈H and thus ∆1
k−i
 ∆i  An
x˜.(xl−i) ∈H, by the induction hypothesis
on k. Finally, the summand ∆k  An
x˜.(xl−k) for i = k on the right-hand side also belongs
to H, by (9) and (8). Hence we may conclude that indeed ∆1k  Anx ∈H, and the proof is
completed. ✷
3. A generating set related to the major index
Let n ∈N. For all π ∈ Sn, let majπ :=∑i∈D(π) i and define
κn(t) :=
∑
π∈Sn
tmajππ =
(n2)∑
i=0
t iMi,
where t is a variable and Mi =∑(D=i ∆D is the sum of all π ∈ Sn such that majπ = i ,
for all i . Furthermore, let
ωn(t) :=
n−1∑
k=0
(−t)k∆1k.(n−k).
Then, denoting by γi := (i, i − 1, . . . ,1) ∈ Sn the descending standard cycle of length i
in Sn, for all i ∈ n , we have
ωn(t)= (idn −γnt) · · · (idn −γ3t)(idn −γ2t)
(see [2, Theorem 1.1 and its proof]) and
κn(t)= (idn +γ2t)
(
idn +γ3t + γ 23 t2
) · · ·(idn +γnt + · · · + γ n−1n tn−1)
(see [4, (9)]). This implies
ωn(t)κn(t)=
(
1− t2)(1− t3) · · · (1− tn) idn . (10)
This identity was pointed out to me by A. Jöllenbeck and leads to the following corollaries
of the main result.
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M0,M1, . . . ,Mn−1.
Proof. Let n ∈ N. By the theorem, it suffices to show that ∆1k.(n−k) belongs to the
algebraMn generated by M0,M1, . . . ,Mn−1, for all k ∈ n− 1 0. But, for k = 0, we have
∆n = idn =M0 ∈Mn, while, for k > 0, we may compare the coefficients of tk on both
sides of (10) and obtain
Mk +
k−1∑
i=1
(−1)i∆1i .(n−i)Mk−i +∆1k.(n−k) = z idn
for an integer z. Hence, inductively, ∆1k.(n−k) ∈Mn. ✷
For instance, we get the following set of generators of D6:
M0 =∆6, M1 =∆1.5, M2 =∆2.4, M3 =∆3.3 +∆1.1.4,
M4 =∆4.2 +∆1.2.3, M5 =∆5.1 +∆2.1.3 +∆1.3.2.
The images of the elements Mi under Solomon’s epimorphism c were studied by A. Garsia
[6, Theorem 8.6]. Bearing this in mind and applying c, we obtain from Corollary 2:
Corollary 3. The ring ClK(Sn) of class functions of Sn is generated by the Sn-characters
χi (0  i  n − 1) corresponding to the natural action of Sn on the ith homogeneous
component of the quotient ring Q[x1, . . . , xn]/I , where I is the ideal of the polynomial
ring Q[x1, . . . , xn] generated by the symmetric polynomials (without constant terms).
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